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With minima in the diagonal conductance Gxx and in the absolute value of the derivative
|dGxy/dB| at the Hall conductance value Gxy = e
2/h, spin-splitting is observed in the quantum
Hall effect of heavily Si-doped GaAs layers with low electron mobility µ ≈ 2000 cm2/Vs in spite of
the fact that the spin-splitting is much smaller than the level broadening. Experimental results can
be explained in the frame of the scaling theory of the quantum Hall effect, applied independently
to each of the two spin subbands.
PACS numbers: PACS numbers: 71.30.1+h, 73.43.2-f
In an electron system with a small g−factor strong dis-
order broadens and suppresses the spin-splitted structure
in the electron spectrum in an applied magnetic field.
Therefore, spin-splitting with Zeeman energy separation
Es = gµBB (µB is the Bohr magneton and B the mag-
netic field) does not show up in the kinetic and thermody-
namic properties of strongly disordered 3D bulk electron
systems. However, for a 2D system, the scaling theory for
diffusive interference effects leads to a quite unexpected
conclusion: the spin-splitting can arise in the magneto-
quantum transport data even in the case of very small Es
with respect to energy-level broadening Γ if the temper-
ature is sufficiently low. For this situation with Es ≪ Γ,
the spin-splitted quantum Hall effect (QHE) with odd
integer Hall-conductance plateaux at Gxy = (2i+1)e
2/h
and corresponding minima in the diagonal conductance
(per square) Gxx should develop at low temperatures due
to the existence of extended states near the center of
two spin-splitted Landau levels with localized states in
between [1, 2]. However, the spin-splitting was not ob-
served in disordered 2D GaAs systems with mobilities
below 10000 cm2/Vs [3] when Es ≪ Γ. Higher mobility
samples generally do show the spin-splitting [4] due to the
enhanced Zeeman splitting in such pure two dimensional
samples because of electron-electron interaction effects
[5]. Strong disorder should suppress this enhancement of
spin-splitting [6].
In the present work we observed for the first time
the manifestation of the spin-splitting in the magneto-
conductance of a strongly disordered system, a heav-
ily Si-doped GaAs layer with a low electron mobility
µ ≈ 2000 cm2/Vs. For the case of these layers, the spin-
splitting Es, with Es/kB about 4 K at a magnetic fields
of B = 12÷ 13 T, is much smaller than the level broad-
ening Γ (& 100 K) resulting in a strong overlap of the
two spin subbands. We analyzed the scaling properties
of the transport data of our electron system with weak
spin-splitting, assuming that the conductances of the dif-
ferent spin subbands are renormalized independently for
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FIG. 1: Magnetic field dependence of the diagonal (Gxx) and
Hall (Gxy) conductance, and of derivative dGxy/dB for sam-
ple 40 in a magnetic field perpendicular to the heavily doped
GaAs layer (thickness 40 nm) at different temperatures, show-
ing spin-splitting for Gxy = 1 at 13 T.
variations due to diffusive interference effects. Such an
approach is justified in the absence of spin-flip scatter-
ing, at least, for non-interacting electrons. Experimental
data are in accordance with such an analysis.
The investigated heavily Si-doped n-type GaAs lay-
ers sandwiched between undoped GaAs were prepared by
molecular-beam epitaxy. The number given for a sample
corresponds to the thickness d of the conducting doped
layers with d = 34, 40, and 50 nm. The Si-donor concen-
tration is 1.5× 1017 cm−3. Hall bar geometries of width
0.2 mm and length 2.8 mm were etched out of the wafers.
A phase sensitive ac-technique was used for the magneto-
transport measurements down to 40 mK with the applied
magnetic field up to 20 T perpendicular to the layers.
The electron densities per square as derived from the
slope of the Hall resistance Rxy in weak magnetic fields
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FIG. 2: Theoretical flow lines [7] showing the coupled evo-
lution of the diagonal (Gxx) and Hall conductance (Gxy) for
a totally spin polarized electron system. The arrows indi-
cate the direction of flow for decreasing temperature. Pairs of
diamonds, squares and circles indicate possible starting posi-
tions (G−0xy , G
−0
xx ) and (G
+0
xy , G
+0
xx ) for the scaling in the cases
(i), (ii), and (iii), respectively, as described in the text.
(0.5 − 3 T) at T = 4.2 K are Ns = 3.9, 4.6 and 5.0 ×
1011 cm−2 for samples 34, 40 and 50, respectively. The
bare high temperature mobilities µ0 are about 2000, 2200
and 2400 cm2/Vs. Because of the rather large quantum
corrections to the conductance, even in zero magnetic
field at 4.2 K, we used for determining the mobility the
approximate relation µ0 = Rxy/BRxx at the intersection
point of the Rxx(B) curves for different temperatures.
The characteristic energy scales of our samples with
not more than two size-quantized energy levels are as fol-
lows. The Fermi energy at zero magnetic field EF /kB ≈
200 K, the splitting of the size quantization Esq/kB =
3(pi~/d)2/2mkB ≈ 100÷ 200 K (for our thinnest sample
with Esq/kB ≈ 200 K the second subband is occupied
due to disorder), ~/τkB ≈ 100 K (τ is the transport re-
laxation time at zero magnetic field), the Landau-level
energy broadening Γ/kB = ~
√
2ωc/piτ/kB ≈ 130 K, and
cyclotron energy ~ωc/kB ≈ 250 K at the magnetic field
B = 12÷ 13 T.
The magnetoconductance data for the three samples
are rather similar. In Fig.1 the diagonal (Gxx) and Hall
(Gxy) conductance as calculated from the diagonal per
square (Rxx) and Hall (Rxy) resistance have been plotted
for sample 40. At low temperatures the curves Gxy(B)
show a wide QHE plateau from ≈ 6 up to ≈ 11.5 T with
the value of Gxy = 2 accompanied by an exponentially
small value of Gxx at low temperatures T . 0.3 K [8] . At
the lowest temperature the diagonal (Gxx) conductance
and derivative |∂Gxy/∂B| show minima at B ≈ 13 T
where at high temperature the Hall conductance Gxy ≈
1. The value of the magnetic field where the spin-splitted
QHE is observed is only 1.5 times larger than the QHE
0 1 2
0
1
G
xy  (e
2/h)
G
x
x
 
 
(e2
/h
)
FIG. 3: Flow-diagram of the (Gxx(T ),Gxy(T )) data points
for sample 34 with decreasing temperature (arrows) from 12
down to 0.1 K. Different symbols connected by solid lines
are for different magnetic fields from 9 to 13 T. Dotted lines
show the semicircles (Eq.1) and a two times larger one. The
dashed line shows the magnetic-field-driven diagonal conduc-
tance Gxx(Gxy) from 8 to 13.8 T at T = 0.1 K. Vertical
dash-dotted grid lines are plotted for reference.
field with Gxy = 2, which should be compared with the
factor 2 expected from filling-factor related arguments.
The scaling treatment of the QHE [9] results in a
graphical presentation of the flow diagram [10] which de-
picts the coupled evolution of the diagonal (Gxx) and
Hall (Gxy) conductance components with increasing co-
herence length. Recent developments [7] of the scaling
theory based on symmetry arguments resulted in a cal-
culation of the exact shape of the flow lines Gxx(Gxy)
for a totally spin polarized electron system as plotted
in Fig.2 for 0 ≤ Gxy ≤ 1. The different quantum Hall
phases (i = 0, 1...) in the flow diagram are separated by
the vertical lines Gxy = i+ 1/2. At sufficiently low tem-
peratures the (Gxx, Gxy) data flow on a separatrix in the
form of a semicircle
G2xx + [Gxy − (i+ 1/2)]
2 = 1/4. (1)
Critical points can be found at (Gcxy, G
c
xx) = (i +
1/2, 1/2). The same critical positions were found in mi-
croscopic descriptions of the QHE for the case of non-
interacting electrons [12, 13].
In Fig.3 we have plotted the flow lines showing the
temperature evolution of the points (Gxy(T ), Gxx(T )) of
conductance for sample 34 at different magnetic fields
with temperature ranging from ≈ 10 down to ≈ 0.1 K.
For sample 40, the flow diagram is rather similar to one
for sample 34. For these samples, at the magnetic fields
where the spin-splitting is observed, the flow lines move
upwards and than downwards for decreasing tempera-
tures. The lines cross each other for data at differ-
ent magnetic fields, in contrast to the theoretical pre-
diction for the case of a totally spin polarized electron
3system (see Fig.2). For sample 50, the flow lines do
not show the upward trend and are not crossing each
other. For low temperatures (below 3 K) the flow di-
agrams are very similar for all three samples: the flow
lines approach the semicircles according Eq.1. Linear ex-
trapolation of Gxx(T ) and Gxy(T ) from 0.5 to 0 K at
the two fields where Gxx(B) has a maximum (see Fig.1)
results in values Gxx = 0.5± 0.02, Gxy = 0.5± 0.05 and
1.5±0.05. These critical values are the same as predicted
for a totally spin polarized electron system. At the low-
est temperatures, the magnetic-field driven dependence
Gxx(Gxy) is mostly not far from the two smaller semicir-
cles (Eq.1) shown in Fig.3 by the dashed lines.
In the absence of spin-flip scattering, the conductances
of the different spin subbands are renormalized indepen-
dently, at least, for the case of non-interacting electrons.
Since the temperature dependence of the magnetocon-
ductance is not known for a single spin-polarized band,
it is impossible to estimate accurately the flow lines for
the total conductance from the flow lines for the sin-
gle polarized bands because the summation Gij(T ) =
G−ij(T ) +G
+
ij(T ) involves different positions on the spin-
polarized flow lines at the same temperature. The index
+ and − correspond to the majority and minority spin
subsystems with larger and smaller Hall conductances,
respectively. Nevertheless we can do some conclusions
about the scaling properties of the total conductance Gij .
For weak spin-splitting gµBB ≪ ~/τ . EF the bare
(non-renormalized) conductances G0±ij for the two spin
subbands as measured at high temperatures
G0±ij =
G0ij
2
±
gµBB
4
∂G0ij
∂E
, (2)
differ weakly from each other because gµBB∂G
0
ij/∂E ∼
G0ijgµBB/Γ ≪ G
0
ij . Here G
0
ij = G
0−
ij + G
0+
ij and EF
the Fermi energy. The QHE with total Hall conductance
Gxy = 1 should arise when one subsystem is in the insu-
lator state ((G−xy , G
−
xx) → (0, 0) for T → 0) (see Fig.2
for the conductances of a single spin-polarized band),
and the other in the QHE state ((G+xy , G
+
xx) → (1, 0)).
This occurs in a narrow magnetic field range where
G+0xy > 1/2 but G
−0
xy < 1/2. At the critical value of
G−0xy = 1/2 and G
+0
xy > 1/2, (G
−
xy, G
−
xx) → (1/2, 1/2)
and (G+xy , G
+
xx) → (1, 0), therefore, the total conduc-
tance (Gxy, Gxx) → (3/2, 1/2). Similarly, at the critical
value of G+0xy = 1/2, the total conductance (Gxy, Gxx)→
(1/2, 1/2). Thus, the critical points are the same as for
the case of a totally spin polarized electron system, in
accordance with experimental results. This differs from
the situation for the distorted flow diagram predicted for
the case of small spin-splitting compared to the cyclotron
energy (gµbB < ~ωc [11]), leading to essentially different
positions of the critical points who’s exact position de-
pends on the amount of spin-splitting. Note, that these
results [11] have been obtained on the basis of a postu-
lated symmetry group in order to include spin-splitting,
without giving any microscopic picture for the scaling
behavior.
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FIG. 4: Temperature dependence of the diagonal (Gxx) con-
ductance, for sample 34 (diamonds), 40 (squares), and 50 (cir-
cles) at a magnetic field B = 13.1 T where the spin-splitted
structure is observed.
At low enough temperatures, when the spin-splitted
QHE is well developed so that in the QHE minimum
Gxx ≈ 0, one can argue that the flow lines should fol-
low the lines derived for the case of a totally spin po-
larized electron system. In the minimum of Gxx holds
(G−xy, G
−
xx) = (0, 0) and (G
+
xy, G
+
xx) = (1, 0), i.e. the
minority subsystem does not contribute to conductance
and the majority subsystem contributes only the quan-
tum value Gxy = 1 to the Hall conductance. At lower
magnetic fields, the + subsystem contributes only to the
Hall conductance the value 1 as before, and the total
conductance (Gxy, Gxx) = (G
−
xy + 1, G
−
xx). Similarly, at
higher magnetic fields (Gxy, Gxx) = (G
+
xy, G
+
xx). At the
lowest temperatures, the total conductance (Gxy ,Gxx) is
expected to flow along the same lines as derived for a sin-
gle spin-polarized electron system. Therefore, Gxx as a
function of Gxy flows for a changing magnetic field close
to the semicircles given by Eq.1, in accordance with ex-
perimental data below 0.1 K.
As mentioned above, for the totally spin polarized elec-
tron system, the flow lines should not cross each other [10]
in contrast to our experimental data. For the case of two
different spin projections, we will show now that the flow
lines starting in the region in between the large semicir-
cle and the two smaller semicircles shown in Fig.3 can
cross each other. Consider the line ending at the critical
point (0.5, 0.5) as a reference line. Starting slightly at
the left from the starting point of this line, and knowing
that this line should end at (0,0), the crossing is unavoid-
able. Starting at the right from the starting point of this
reference line, and knowing that this line should end at
(1, 0), leads also to a crossing point.
The scaling theory predicts different type of the tem-
perature dependence Gxx(T ) in the magnetic-field region
where G0xy is close to 0.5 for the case of the totally spin-
polarized electron system. (i) For G0xx > 0.5 flow lines go
down , i.e. Gxx decreases with decreasing temperature as
4shown in Fig.2 for points starting at the diamonds. (ii)
For G0xx ≈ 0.5 flow lines start nearly horizontally near
the maximum of the semicircle (starting at the squares
in Fig.2) leading to a very weak temperature dependence
of Gxx(T ) followed by a decrease at lower temperatures.
(iii) For G0xx < 0.5 the flow lines go up to a value of Gxx
close to 0.5 and than down, i.e. Gxx at first increases
with decreasing temperature and than decreases with a
maximum value of the diagonal conductance ≈ 0.5. For
the case of two spin-subbands with small spin-splitting
the above description remains valid for the conductances
of the two spin polarizations adding up to the measured
total conductance. The Hall conductance should depend
weakly on temperature in all these cases, because G−xy de-
creases and G+xy increases with decreasing temperature.
In Fig.4 we plot the diagonal conductance Gxx as a
function of temperature T in the spin-splitted minima of
Gxx whereG
0
xy ≈ 1 for the three samples. The data are in
accordance with the above given prediction. For samples
34 and 40, Gxx is a non-monotonic function of tempera-
ture with a maximum value of Gxx slightly lower than 1
around 3 K, corresponding to the case (iii). For sample
50, Gxx ≈ 1 does not change in the high-temperature
range above 3 K and decreases at lower temperatures,
corresponding to the case (ii). Note, the temperature
dependences of Gxx are different for layers, which differ
from each other only by thickness.
At magnetic fields near the spin-splitted QHE struc-
ture, the localization lengths ξ± of the two spin systems
are large because both spin systems are close to the quan-
tum Hall state-insulator transition (|1/2 − G0±xy | ≪ 1),
where ξ± → ∞. Therefore, for the observation of the
QHE with Gxy = 1 a much lower temperature (or a larger
coherence length) is necessary than for the QHE with
Gxy = 2. In previous experiments at smaller magnetic
fields [3] the spin-splitting was not observed, probably,
because at smaller fields µBgB∂G
0
ij/∂E is smaller. In our
samples the spin-splitting is observed only at low temper-
atures T . 0.1 K, what is much smaller than ~/τ ≈ 100
K, and even than Es/kB ≈ 4 K.
The assumption about independent renormalization of
the conductances of the two spin subbands is undoubt-
edly valid for non-interacting electrons in the absence of
spin-flip scattering. Although electron-electron interac-
tion is important in real systems, the experimental study
of the flow diagram on samples 34, 40, and other thin-
ner layers [14] shows good quantitative agreement with
the predicted flow lines [7] for half the measured conduc-
tance values in the field range below 6 T, where there
is not any manifestation of spin-splitting and, therefore,
Gij/2 = G
+
ij = G
−
ij . This gives support for our model of
independent spin-band contributions leading to the same
critical points as for a spin-polarized system.
In summary, we observed spin-splitting in the QHE
of heavily doped n-type GaAs layers with disorder much
larger than spin-splitting gµBB. Our results are in ac-
cordance with the scaling treatment of the quantum
Hall effect, applied independently to the two spin sub-
bands. Namely, the magnetic field position for the QHE
is imposed by the occurrence of the Hall quantum value
Gxy ≈ 1, although this field position is only 1.5 times
larger than the QHE field with Gxy = 2. Several fea-
tures in the (Gxy,Gxx) flow diagrams, like the observed
critical values Gcxx = 0.5 ± 0.02, G
c
xy = 0.5 ± 0.05 and
1.5 ± 0.05 and the anomalous shapes of the flow lines,
can be deduced from an independent summation of the
contributions of the two spin bands. The spin-splitting is
observed at temperatures T . 0.1 K much smaller than
all other energy scales determining the electron spectrum.
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